We prove that every separable and metrizable space admits a metrizable compactification with a remainder that is both path connected and locally path connected. This result answers a question of P. Simon. ∞ n=1 I n is a path connected set that is dense in the remainder.
Connectedness and compactness are two fundamental topological properties. A natural question is whether a given space admits a connected (Hausdorff) compactification. This question has been studied extensively; see [1, 5, 7, 9, 11] . We mention both a positive and a negative result. It was proved by Alas, Tkačenko, Tkachuk, and Wilson [1] that a separable and metrizable space admits a metrizable and connected compactification provided the space contains no proper subsets that are open and compact. Confirming a conjecture of van Douwen [4] , Emeryk and Kulpa [5] proved that the famed Sorgenfrey line does not admit a connected compactification.
We focus on the question whether a given space X admits a compactification C such that the remainder C \ X is connected. Our research was prompted by a question asked by Simon [10] , namely whether the space one obtains when one removes a countable dense subset from the unit square [0, 1] 2 has some compactification such that the remainder is connected. Simon conjectured that the answer should be no. We present a general result that in particular shows that the answer to Simon's question is yes.
Theorem 1. Every separable and metrizable space admits a metrizable compactification with a remainder that is both path connected and locally path connected.
Proof. Let X be a separable and metrizable space. Select a metrizable compactification C of X and let d be a metric on C that generates the topology. Select a countable dense subset A in the remainder C \ X. If C \ X is finite, then X is locally compact and we can use the one-point compactification, so we may assume that A is infinite. Let {a i : i ∈ N} enumerate A in such a way that a i = a j if i = j. The idea of the proof is as follows. We first construct a new compactification D of X from C by "blowing up" the points a n to intervals I n . We then "glue" the I n together, producing a quotient space E of D that also compactifies X and in which the image of Moreover, by doing the gluing carefully we can arrange that the remainder is locally path connected.
Select for each n ∈ N a sequence of distinct points x 1 n , x 2 n , . . . in X such that lim i→∞ x i n = a n . Let {q i : i ∈ N} enumerate the rational numbers in the interval [0, 1]. Since the set {x i n : i ∈ N} is discrete and closed in C \ {a n }, we can extend any function from this set into [0, 1] to a continuous function on C \ {a n } by the Tietze Extension Theorem. In particular, we can find for each n ∈ N a continuous function f n :
and we note that f is continuous by the Weierstraß M-test. We now consider the graph G of f as a subspace of the product C × [0, 1]. Let D denote the compactum that is the closure of G in C × [0, 1] and let π : D → C be the projection mapping. We define the metric ρ((x, r), (y, s)) = d(x, y) + |r − s| on C × [0, 1] and we put U (a, ε) = {b ∈ D : ρ(a, b) < ε} for a ∈ D and ε > 0. Since f is continuous the natural mapping from C \ A to G is a homeomorphism and G is a closed subset of (C \ A) × [0, 1]. Consequently, we have that D is a compactification of the copy
For every natural number n consider the continuous function g n :
Claim 2. For every n ∈ N we have
Proof. Note that on C \ A, g n ≤ f ≤ g n + 2 −n and hence by the continuity of g n in a n we have I n ⊂ {a n } × [g n (a n ), g n (a n )
Consequently, we have that (a n , g n (a n ) + t) is in the closure D of G. The claim is proved.
If n, k ∈ N, we let I k n be the regular cover of the interval I n by 2 k closed intervals of length 2 −n−k , that is,
By the compactness of D and the fact that
is an open neighbourhood of x. Select an a k in V and note that I k is contained in U . The claim is proved.
If ε > 0, then a subset N of a metric space is called an ε-net for that space if every point of the space has distance less than ε towards N . Since ρ is a metric on a compact space we can find an ε-net for T for each ε > 0. Thus we can construct a sequence n(2) < n(3) < · · · of natural a numbers such that
, we choose points y JK ∈ J and z JK ∈ K and we define the collection
is finite and we are choosing points in nondegenerate intervals, we can arrange that all the points are distinct so that P 2 is pairwise disjoint.
It is easily seen that by recursion we can find collections P 2 ⊂ P 3 ⊂ P 4 ⊂ · · · of subsets of T such that for m ≥ 2,
(1) P m is pairwise disjoint and finite;
(2) every element of P m consists of two points;
, then there is a P ∈ P m \ P m−1 that intersects both J and K; and (4) if m > 2, then every element of P m \ P m−1 has diameter less than 2 −m+3 . We put P = ∞ n=2 P n . A sequence of subsets B 1 , B 2 , . . . of a metric space is called a null sequence if lim n→∞ diam B n = 0. It follows immediately from property (4) and the finiteness of the P n that the elements of P can be arranged to form a null sequence. Consider now the decomposition D = P ∪ {x} : x ∈ D \ P of D and let E be the corresponding quotient space with quotient map q : D → E. Since P forms a null sequence of pairwise disjoint closed subsets of a compact space, we have by [8, Corollary A.11.6 ] that E is a compact metrizable space. Note that q X : X → q(X ) is a homeomorphism and that X = q(X ) is dense in E; thus E is a metrizable compactification of a copy of X.
Claim 4. The set q(T ) is path connected.
Proof. Let i ≥ 2 and let m be such that n(m − 1) < i ≤ n(m). If m = 2, then by the definition of P 2 the set q(I i ) has a point in common with q(I 1 ). If m > 2, then
Then by property (3) of P the sets q(I i ) and q(I j ) intersect. Thus the sequence q(I 1 ), q(I 2 ), . . . consists of path connected subsets of the remainder E \ X such that for each i ≥ 2, the set q(I i ) has a point in common with one of the preceding sets. According to [3, Theorem 5 .14] we have that q(T ) is path connected.
From Claim 3 and the continuity of q we may conclude that q(T ) is dense in E \ X . Since the closure of a connected set is connected we have that E \ X is connected.
then Y is path connected and locally path connected.
Proof. Since q(T ) is dense in Y and path connected it suffices to prove that Y is locally path connected. Let c be an arbitrary point in Y and let U be a neighbourhood of c in E. We will show that every point
Since q is a closed map it follows that P c is a neighbourhood of c in Y , and we may conclude that Y is locally connected.
Let
Note that for i = 1 the same inequality holds. Thus for i ∈ N we have
Since J i is a union of two elements of I k+i−1 m(i) and J i+1 ∈ I k+i−1 m(i+1) , we have by property (3) of P for m = k + i − 1 and the fact m(i) ≤ m(i + 1) ≤ n(k + i − 1) that there exist a y i ∈ J i and a z i ∈ J i+1 such that q(y i ) = q(z i ).
For every i ≥ 1 let p i : 1 i+1 , 1 i → J i+1 be a continuous map such that p i 1 i = z i and p i 1 i+1 = y i+1 . We define p : [0, 1] → Y by p(0) = q(x) and p 1 i+1 , 1 i = q • p i for i ∈ N. Since q(y i ) = q(z i ) the function p is well defined and continuous on (0, 1]. We have for i ≥ 2, diam
This means that lim i→∞ J i = x, and hence by the continuity of q we have lim i→∞ q(J i ) = q(x). Thus lim i→∞ p 1 i+1 , 1 i = q(x) and p is also continuous in 0. We have that p ((0, 1] 
The theorem is proved.
In view of Claim 5 we have the following result.
Corollary 6. Every separable metrizable space has a metrizable compactification such that the closure of the remainder is a Peano continuum.
A space is called nowhere compact if every compactum in the space has an empty interior. Since compactifications of nowhere compact spaces have dense remainders we have: Corollary 7. Every nowhere compact separable metrizable space has a metrizable compactification that is a Peano continuum. Remark 8. A better result than Corollary 7 follows immediately from a theorem of Bowers [2] . Let Q = [0, 1] N be the Hilbert cube and let s = (0, 1) N be its pseudointerior. Bowers proved that every nowhere compact separable metrizable space admits a dense imbedding in s. Consequently, such spaces have a compactification that is a Hilbert cube. Moreover, the remainder contains the pseudo-boundary of Q and hence it is an absolute retract; see [8, Remark 11. One easily constructs Tychonoff spaces with the property that they admit connected compactifications but no connected remainders. Let X be a Tychonoff space such that itsČech-Stone remainder βX \ X is infinite (for instance, a space that is not locally compact). We may select a countable infinite subset A of βX \ X that is not compact (if A is discrete, then it is not compact; and if A is not discrete, then we simply remove a limit point from A). Consider the space Y = βX \ A and note that βY = βX by [6, Corollary 3.6.7]. Let C be a compactification of Y . There exists a continuous surjection f : βX → C such that f −1 (C \ Y ) = A; see [6, Theorem 3.5.7]. Thus we have that C \ Y is countable and infinite because if C \ Y were finite, then A would have to be compact. We may conclude that C \ Y is disconnected by [6, Corollary 6.1.3]. Thus if X is connected we have that every compactification of Y is connected but no remainder is connected.
Gruenhage, Kulesza, and Le Donne [7] proved that every nowhere compact metrizable space has a connected Hausdorff compactification.
Question 12. Does every metrizable space admit a Hausdorff compactification with a connected remainder?
If the answer is yes, then every metrizable space without compact and open proper subsets has a connected Hausdorff compactification, answering a question in [1] .
